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1. Introduction
The cyclotomic polynomial Φm ∈ Z[x] is the monic polynomial of minimal degree having all the
primitive mth roots of unity as its zeros. We say that the number m and the polynomial Φm are
binary if m is a product of two distinct odd primes.
A. Migotti [6] proved that a binary cyclotomic polynomial Φm has coeﬃcients in {−1,0,1} only.
The explicit number θm of nonzero terms of Φm was derived by L. Carlitz [2]. He proved that for
m = pq we have θm = 2p′q′ − 1, where q′ denotes the inverse of q modulo p and similarly p′ is
the inverse of p modulo q.
It can be easily proved that for binary m we have m1/2 < θm <m/2. H.W. Lenstra proved in [5] that
for every ε > 0 there exist inﬁnitely many binary numbers m such that θm <m8/13+ε . His method is
based on the result of C. Hooley [4] that for every ε > 0 there exist inﬁnitely many primes p for which
P (p − 1) > p5/8−ε , where P (n) denotes the largest prime factor of n. The constant 8/13 is the best
result published to date. The result of C. Hooley has been improved by several authors culminating in
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B. Bzde˛ga / Journal of Number Theory 132 (2012) 410–413 411the result P (p − 1) > p0.677 proved by R.C. Baker and G. Harman [1]. This reduces the exponent from
8/13 to 1/(1+ 0.677), a number little under 0.6.
In this paper we present a different method which does not need these results, yet allows us
to deduce that there are inﬁnitely many binary m with θm < m1/2+ε . We consider the set Aε(N) of
integers n < N for which P (n) > n1−ε and P (n + 1) > (n + 1)1−ε . By the result of A. Hildebrand [3]
the set Aε = Aε(∞) has a positive lower density for every ε > 0. For ε′ < ε the set Aε \ Aε′ still has
a positive lower density. We use these facts to prove the following theorem.
Theorem. Let Bε(N) denote the set of binary m < N for which θm <m1/2+ε . Then we have
#Bε(N) =
{
Ω(N1/2+ε′) for 0< ε′ < ε < 1/2,
O (N1/2+ε) for 0< ε < 1/2,
where we used the O and Ω asymptotical notation.
By these inequalities we have
lim
N→∞
log(#Bε(N))
logN
= 1/2+ ε
for every 0< ε < 1/2.
It is a well-known result of Landau that
#{m N: m binary} ∼ N log logN/ logN.
From this and from the second inequality of the theorem it follows that for every 0< ε < 1/2 the set
Bε = Bε(∞) has relative density 0 in the set of binary m.
2. Proof of the theorem
Part I. For every 0< ε′ < ε < 1/2 put ε1 and ε2 satisfying
0< ε′/
(
1/2+ ε′)< ε1 < ε2 < ε/(1/2+ ε) < 1/2.
We ﬁx the number n0 depending only on ε, ε′, ε1, ε2, such that for every m,n > n0 the following
inequalities hold
(n + 1)ε2 < n1−ε2 , 2m1/(2−2ε2) + 2<m1/2+ε, n1−ε1(n + 1)1−ε1 < n1/(1/2+ε′).
For every n ∈ (Aε2 \ Aε1 ) ∩ (n0,N1/2+ε′ ) we deﬁne f (n) = pq, where p = P (n) and q = P (n + 1). Note
that
(n + 1)/q < (n + 1)1−ε2 < nε2 < p,
so qq′ = n + 1. The image of f is a subset of Bε(N). Indeed,
m = f (n) > n2−2ε2 > n > n0
and therefore
θm = 2p′q′ − 1< 2qq′ = 2n + 2< 2m1/(2−2ε2) + 2<m1/2+ε
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m < n1−ε1(n + 1)1−ε1 < n1/(1/2+ε′) < N.
Every m ∈ Bε is attained by at most two numbers of the domain of f . Indeed, observe that if P (n′) =
p, P (n′ + 1) = q and n′ > n then n′ = n + kpq for some positive integer k. It contradicts n′ < f (n′).
Thus
#Bε(N)
1
2
#
(
(Aε2 \ Aε1) ∩
(
n0,N
1/2+ε)) = Ω(N1/2+ε′)
due to the result of A. Hildebrand mentioned in the introduction.
Part II. Let 0 < ε < 1/2. Put ε′ satisfying 2ε/(1/2 + ε) < ε′ < 1. We ﬁx the number m0 depending
only on ε, ε′ , such that for every m >m0 the inequalities
m/3>m3/4+ε/2 and n(1/2−ε)/(1/2+ε) > (n + 1)1−ε′
hold. For every m = pq ∈ Bε(N) \ [1,m0] put g(m) = min{pp′,qq′} − 1. We prove that the image of g
is a subset of Aε′(N1/2+ε). Observe the following facts:
pp′ + qq′ = pq + 1 =m + 1, (pp′)(qq′) =mp′q′ < 2
3
mθm <
2
3
m3/2+ε.
Let pp′ < qq′ . If pp′ >m1/2+ε then qq′ < 23m and m/3 < pp
′ <m3/4+ε/2, which is impossible. There-
fore g(m) <m1/2+ε < N1/2+ε . Moreover,
m1/2+ε > θm = 2p′q′ − 1 = 2p′ · pq + 1− pp
′
q
− 1 pq + 1− p
q
− 1 p
and similarly q <m1/2+ε . We have pq =m, so for n = g(m)
p,q >m1/2−ε > n(1/2−ε)/(1/2+ε) > (n + 1)1−ε′ > n1−ε′ .
The number of arguments of g attaining the value n is bounded from above by the number of pairs
of primes (pi,qi) such that
pi | n, qi | n + 1, pi > n1−ε′ , qi > (n + 1)1−ε′ .
This number does not exceed (1− ε′)−2 for any n. Thus
#Bε(N)m0 +
(
1− ε′)−2 # Aε′(N1/2+ε) = O (N1/2+ε)
by the result of A. Hildebrand. 
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